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Abstract— Mankind has always sought out social interaction,
and our social interactions influence our thoughts and actions. As
technological advances in social media provide a means for more
rapid, convenient, and widespread communication, our resulting
social interactions can lead to a more dynamic influence. Un-
derlying these interactions are emotional responses to different
stimuli and a desire not to become isolated from peers. In this
paper, such social interactions are modeled as an undirected
graph where each vertex represents an individual and each edge
represents a social bond between individuals. Motivated by the
non-local property of fractional-order systems, the emotional
response of individuals in the network is modeled by fractional-
order dynamics whose states depend on influences from social
bonds. A decentralized control method is then developed to
manipulate the social group to a common emotional state while
maintaining existing social bonds (i.e., without isolating peers in
the group). Mittag-Leffler stability methods are used to prove
asymptotic convergence to a common equilibrium point (i.e.,
emotional state) of the networked fractional-order system.

I. INTRODUCTION!

Mankind has always sought out social interaction, and
our social interactions influence our thoughts and actions.
As technological advances in social media provide a means
for more rapid, convenient, and widespread communication,
our resulting social interactions can lead to a more dynamic
influence. Flash mobs are being organized through social
media for events ranging from entertaining public spontaneity
to vandalism, violence, and crime [1]-{3]. In addition to
flash mobs, recent riots and protests [4]-[7] and ultimately
revolution [8], [9], have been facilitated through social me-
dia technologies such as Facebook, Twitter, You Tube, and
BlackBerry Messaging (BBM).

In attempts to prevent, mitigate, or prosecute the sources of
such social unrest, governments and law enforcement agencies
are placing a greater emphasis on examining (and ultimately
controlling) the structure of social networks. Scotland Yard
is looking to social media posts as part of investigations
into widespread looting and rioting in London [6], [7], and
police in San Francisco disabled access to social networks
by cutting off cellphone service as a means to prevent riots
due to a police shooting [5]. One U.S. Intelligence strategy in
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Afghanistan is to focus on answering rudimentary questions
about Afghanistan’s social and cultural fabric through tools
such as Nexus 7 to tap into the exabytes of information “for
leveraging popular support and marginalizing the insurgency”
[10]. Yet other’s argue that Nexus 7 lacks models or algo-
rithms.

Models and algorithms have been extensively developed
for various engineered networks and multi-agent systems
[11], [12]. Consensus is a particular class of network control
problem that has been extensively studied where the goal
is for the individual nodes to reach an agreement on the
states of all agents [13], [14]. However, an interesting question
that has received little attention is how can such models and
methods be applied toward understanding and controlling a
social network. How can one produce consensus among a
social network (e.g., to manipulate social groups to a desired
end)? Motivated towards this end, the focus in this paper is
to influence the emotions of a socially connected group of
individuals to a consensus state.

Various dynamic models have been developed for psycho-
logical phenomena, including efforts to model the emotional
response of different individuals [15]-[17]. A dynamic model
of love is reported in the work of [15], which describes
the time-variation of the emotions displayed by individuals
involved in a romantic relationship. In [16], happiness is
modeled by a set of differential equations, and the time
evolution of one’s happiness in response to external inputs
is examined. A mathematical model of fear is also described
in the work of [17].

Fractional-order differential equations are a generalization
of integer-order differential equations which exhibit a non-
local property where the next state of a system not only
depends upon its current state but also upon its historical
states starting from the initial time [18]. This property has
motivated researchers to explore the use of fractional-order
systems as a model for various phenomena in natural and
engineered systems, and in relation to the current context,
have also been explored as a potentially more appropriate
model of psychological behavior. For example, the integer-
order dynamic models of love and happiness developed in
[15] and [16] were revisited in [19] and [20], where the
models were generalized to fractional-order dynamics, since a
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person’s emotional response is influenced by past experiences
and memories. However, the results in [15], [16], [19], [20]
focus on an individual’s emotion model, without considering
the interaction among individuals in the context of a social
network where rapid and widespread influences from the
social peers can prevail.

Instead of studying an individual model of a person’s
emotional response, the work here aims to investigate and
influence the interaction of a person’s emotions within a social
network. Using graph theory, a social network is modeled
as an undirected graph, where an individual in the social
network is represented as a vertex in the graph, and the
social bond between two individuals is represented as an edge
connecting two vertices. Motivated by the non-local property
of fractional-order systems, the emotional response of individ-
uals in the network are modeled by fractional-order dynamics
whose states depend on influences from social bonds. Within
this formulation, the social group is modeled as a networked
fractional system. The first apparent result that investigated
the coordination of networked fractional systems is [21], in
which linear time invariant systems are considered and where
the interaction between agents is modeled as a link with a
constant weight. In this paper, the social bond between two
persons is considered as a weight for the associated edge in
the graph measuring the closeness of the relationship between
the individuals. In comparison to [21], the main challenge in
this work is that social bonds are time varying parameters
which depends on the emotional states of individuals. Previous
stability analysis tools such as examining the Eigenvalues of
linear systems for fractional-order systems (cf. [20]-[22]) are
not applicable to the time-varying system in this work. This
paper also considers a social bond threshold on the ability
of two people to influence each other’s emotions. To ensure
interaction among individuals, one objective is to maintain
existing social bonds among individuals above the prespecified
threshold all the time (i.e., social controls or influences
should not be so aggressive that they isolate or break bonds
between people in the social group). Another objective is to
design a distributed controller for each individual, using local
emotional states from social neighbors, to achieve emotion
synchronization in the social network (i.e., an agreement
on the emotion states of all individuals). To achieve these
objectives, a decentralized potential function is developed
to encode the control objective of emotion synchronization,
where maintenance of social bonds is modeled as a constraint
embedded in the potential function. Asymptotic convergence
of each emotion state to the common equilibrium in the social
network is then analyzed via a Metzler Matrix [23] and a
Mittag-Leffler stability [24] approach.

II. PRELIMINARIES

A. Fractional Calculus
Consider the fractional order nonautonomous system

D (t) = f (t,x) (1)

with initial condition  (to), where { D¢ f (t) denotes the
Caputo fractional integral of order a € (0,1) on [to, ], and
f(t,x) is piecewise continuous in ¢ and locally Lipschitz
in . Caputo and Riemann-Liouville (R-L) fractional deriv-
atives are the two most widely used fractional operators [18].
Since the R-L fractional operator requires a fractional-order
initial condition, which can be difficult to interpret [25], the
subsequent development is based on the Caputo fractional
operator. Stability of the solutions to (1) are defined by the
M-L function as follows [24].

Definition 1: (Mittag-Leffler Stability) The solution of (1)
is said to be Mittag-Leffler stable if

lz (O] < {m [ (t0)] Ba (<A (t = o))},

where tg is the initial time, « € (0,1), 56> 0, A > 0, m (0) =
0, m (z) > 0, m(x) is locally Lipschitz, and E, ; is defined

:O:o Thas With z € C and the Gamma function I" (-).
Lyapunov’s direct method is extended to fractional-order
systems in the following Lemma to determine Mittag-Leffler
stability for the solutions of (1) in [24].

Lemma 1: [24] Let z = 0 be an equilibrium point for the
system (1), and D C R™ be a domain containing the origin.
Let V (t,z) : (0,00] x D — R be a continuously differentiable
function and locally Lipschitz with respect to « such that

as

krllz]® <V (ta) < ke llz)|*,
D)V (t,x) < —ks )|,

where z € D, 8 € (0,1), ky, ko, k3, a and b are arbitrary
positive constants. Then x = 0 is Mittag-Leffler stable.

B. Graph Theory

Graph theory (see cf. [26]) is widely used to represent
a networked system. Let G = (V, &) denote an undirected
graph, where V ={vy,--- ,uy} and € C V x V denote the
set of nodes and the set of edges, respectively. Each edge
(vi,vj) € € represents the neighborhood of node 7 and node
4, which indicates that node ¢ and node j are able to access
each other’s states. The neighbor set of node 7 is denoted as
N; = {v; | (vi,v;) € E}. A path between vy and vy, is a
sequence of distinct nodes starting with v; and ending with
vk, such that consecutive nodes are adjacent in graph G. Graph
G is connected if in G any node can be reached from any other
node by following a series of edges. The adjacency matrix is
defined as A £ [a;;] € RV*N with a;; > 0 if (v;,v;) € &,
and a;; = 0 otherwise. A matrix L for the graph G is defined
as L =2 A— D € RV*N where D £ [d;;] € RV*N is a
diagonal matrix with d;; = Z;vzl a;j. The N x N matrix
with positive or zero off-diagonal elements and zero row
sums is referred as a Metzler matrix [27]. Zero is a trivial
eigenvalue of a Metzler matrix, and all the other eigenvalues
are positive, if and only if the corresponding undirected graph
G is connected. The eigenvector associated with the zero
eigenvalue is 1, where 1 =[1,--- ,1]" € RV,

To facilitate the following development, a corollary to
Theorem 1 of [23] is introduced as follows.
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Corollary 1: The equilibrium point 2*1 € RN of the
system

@ (t) = L(t)z () )

is exponentially stable (i.e., the elements of z(t) € RY
achieve exponential consensus), provided that the time-
varying matrix L (t) € R¥*N in (2) is a Metzler matrix
with piecewise continuous and bounded elements, and the
time-varying graph corresponding to L (¢) is connected for
all t > 0.

III. PROBLEM FORMULATION

Consider a social network composed of N individuals.
Using graph theory, the interaction among individuals is
modeled as an undirected fixed graph G = (V,€&). For
instance, the karate club network in [28] is modeled as an
undirected graph as shown in Fig. 1, where the vertex in
the graph G is represented by an individual, the solid arrow
connecting two individuals denotes the edge in G, representing
an established social bond (i.e., friendship) and indicating that
the individuals are able to access each other’s states (i.e., sense
and understand the social state of a peer).

In a social network, the state of an individual can be
the social status, social connections, emotional status, or etc.
In the following development, the social state denotes some
human emotion, such as happiness, love, anger or fear. The
emotion state ¢;(t) € R is a real number indicating the
current state of an individual ¢ that can be detected from
other members (i.e., social neighbors such as close friends
or family) in the social network. For instance, a greater value
of ¢;(t) implies a happier state of individual s.

An integer derivative of a function is only related to its
nearby points, while a fractional-order derivative involves
all the previous points. Since human emotions are always
influenced by memories and past experiences, g;(t) is modeled
as the solution to a fractional-order dynamic as

§Dfgi(t) = wi(t), i=1,---,N, 3)

where u; € R denotes an influence (i.e., control input) over
the emotional state, and §' Dq;(t) is the a'? derivative of
¢i(t) with « € (0,1]. The model in (3) is a heuristic approx-
imation to an emotional response. The model indicates that
a person’s emotional state is a direct relationship to external
influence integrated over the history of a person’s previous
emotional states. On-going efforts by the scientific community
are focused on the development of clinically derived models;
yet, to date, there is no widely accepted model of a person’s
emotional response to events in a social network.

Social bonds in a network can be established through a
number of relationships between individuals (e.g., student
and teacher, employer and employee, patient and doctor, two
strangers that share a common interest) and can be represented
as an undirected edge in graph G. Each bond has a weighting
factor denoted as S;; > 0 that measures the amount of
influence that is shared between individuals ¢ and j. The
greater the value S;;, the closer the relationship between

individuals ¢ and j, and S;; = 0 if two individuals have no
influence over each other. Through an analysis of a social
graph over time, one could determine a weighting for the level
of influence between individuals. However, the subsequent
development only requires that an individual node has an
understanding of the relative influence between itself and its
local social neighbors. Moreover, it is assumed that, there
exist a threshold 6 € RT, and individuals 4 and j are able to
influence each other’s emotional states only when the social
bond S;; > 6. In other words, an edge ¢;; in graph G does
not exist if the social bond .S;; between individuals ¢ and j
is less than the threshold §. The neighbors of individual 4 in
graph G is defined as N; = {v; | S;; > d}, which determines
a set of individuals who have an influential relationship with
individual 7. In the subsequent development, the social bond
is defined as

Sy = 1 (lla: = as1*) )

where f (-) is a differentiable function, mapping the emotion
states of individuals ¢ and j to a real non-negative value.

Some properties for S;; include: 1) f (||qZ — qu2
as ||¢; — ;| increases (the further apart the emotional state
of two individuals the less influence they have over each

s <0:2) £ (e - 1)

decreases

other), which indicates that a7
achieves the minimum of 0 when individual ¢ has no in-
ﬂuence/relatlonshlp with individual j; 3) the second partial
derivative —qf is bounded. These properties are based on the
general observation that the emotional states of individual ¢

and j tend to consensus in a close relationship. For example,
the emotional state of one spouse, parent or child tends to
mirror the emotional state of another spouse, child, or parent
respectively. Hence, it is reasonable to assume that S;; is
a function of the difference between ¢; and ¢;, designed
as ||¢; — g, JH in this work. While some discrete events can
cause a discontinuous shift in someone’s social bonds (e.g.,
a cheating spouse, winning the lottery, unexpected sickness
or death) that would lead to an unbounded second partial
derivative, most social bonds tend to be continuous over time.

Based on the problem setting, the social network of human
emotions is now formulated as a networked fractional-order
system described by (3). The emotion synchronization objec-
tive in a social network is to regulate the emotional states of
individuals to a desired state (i.e., ¢;(t) — ¢* for all ¢ with
q¢* € R denoting an equilibrium point). Moreover, individuals
generally prefer to share an emotional response rather than
react in an emotional way that renders them an outcast. Hence,
the emotion synchronization problem also includes a goal
that given an initially connected graph G, the social bonds
between individuals are maintained (i.e., maintain the social
bonds \S;; > ¢ all the time so that peers remain peers). Since
social bonds exist initially, any two individuals are able to
reach each other through a path of edges associated with a
social bond satisfying S;; > 9.
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Fig. 1.  The Zachary’s karate club network in [28] is modeled by an
undirected graph G, where the numbered vertex in the graph represents the
members of the club, and solid line connecting two individuals denotes the
established social bond (i.e., friendship) in the club.

IV. CONTROL DESIGN

Artificial potential field based methods, composed of at-
tractive and repulsive potentials, have been widely used in the
control of multi-agent systems, where the control objective is
encoded as the minimum potential value by the attractive po-
tential and constraints are encoded as the maximum potential
value by the repulsive potential (cf. [29], [30]). Driven by the
negative gradient of the proposed potential field, the system
will asymptotically achieve the minimum of the potential field.
In this work, the potential field approach is applied to social
control.

To achieve emotion synchronization, a decentralized poten-
tial function is developed as ; : RN — [0, 1] for individual i
(of N) as -

i = J 5
@ L ®)

where k € RT is a tuning parameter, v, : R> — R¥ is the
goal function, and 3, : RY — RT is a constraint function.
The goal function in (5) is designed as

1
vi=> o sla—al, (6)

JEN; 2
which is minimized whenever the emotional state of individual
1 agrees with the emotions of neighbors j, 7 € M. To
ensure existing social bonds are maintained (i.e., S;; > 0),
the constraint function in (5) is designed as

1
Bi - Hje/\fi 51)”, (7)
where b;; = S;; — 9, and S;; is defined in (4). For an existing
social bond between individuals ¢ and j, the potential function
@, in (5) will approach its maximum whenever the constraint
function 3; decreases to 0 (i.e., the social bond S;; decreases
to the threshold of ¢).
Based on the definition of the potential function in (5), the
emotional influence is designed as

u; = —K; Vg, 5, (8)

where K; is a positive gain. In (8), V4, ¢, denotes the gradient
of ¢, with respect to ¢;, as

_ kBiVg,vi — iV Bi
k(yF + 8t
From (6) and (7), V4,v; and Vg, 8; in (9) can be determined

V. @ O]

as
Vari= . (0= 4), (10)
and
-1
Vo Bi = ZjeNibijquibij (1D
of -
= Z N | bij (@i — ),
18\ 0 (Jlgs - a?)

respectively, where bi; = [T,c 125 bit- Substituting (10) and
(11) into (7), Vg, ¢; is rewritten as

Vopi=— ZjeM mij (¢ — a5) » (12)
where
by [ 0L
RBi = by (a(mqjlz))
mij = (13)

k(yf + B,)
is non-negative, based on the first property of S;;, and the
definition of v,, 3;, k, and b;;.

V. CONVERGENCE ANALYSIS AND SOCIAL BOND
MAINTENANCE

To show that individuals in the fractional-order network
converge to a common desired emotional state, the following
analysis is segregated into three proofs. In the first proof, the
connectivity of the social group is proven to be ensured by the
influence function in (8). In the second proof, an integer-order
simplification of the dynamic system in (3) is considered and
exponential convergence is proven. Exponential convergence
of the integer-order system is used to establish the existence
of a Lyapunov function and its derivative by invoking a
converse Lyapunov theorem. The Caputo fractional derivative
of the developed Lyapunov function is then determined and
used within a Mittag-Leffler stability analysis that proves the
closed-loop fractional-order system asymptotically converges
to the equilibrium set of consensus states.

A. Social Bond Maintenance

Assuming a social network is initially connected, the social
group will remain connected if every existing edge in the
network graph is maintained all the time (i.e., S;; > 0).
The following Lemma is developed to show that connectivity
of the underlying graph is maintained under the influence
function in (8) (i.e., social peers do not become isolated and
disconnected from the social group).

Lemma 2: The influence function in (8) guarantees connec-
tivity of G all the time.

Proof: Consider an emotional state ¢y for individual ¢,
where the bond between individual ¢ and neighbor j € N
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satisfies ;5 (go,q;) = 0, which indicates that the social
bond is too weak to affect the emotion of individual 7, and
the associated edge is about to break. From (7), 8; = 0
when b;; = 0, and the navigation function ¢; achieves its
maximum value from (5). Since ¢, is maximized at gg, no
open set of initial conditions can be attracted to gy under the
negated gradient control law designed in (8). Therefore, the
social bond between individual ¢ and j is maintained greater
than § by (8), and the associated edge is also maintained.
Following similar arguments, every edge in G is maintained,
and connectivity of the underlying graph is guaranteed. W

B. Convergence Analysis

For the particular case of a = 1, the fractional-order
dynamics in (3) simplifies to the integer-order system ¢;(t) =
u;(t). The following theorem establishes exponential conver-
gence to the common equilibrium for the integer-order system.

Theorem 1: The equilibrium point ¢* € R of the initially
connected graph of nodes with integer-order dynamics ¢; (t) =
u;(t) is exponentially stable for all 4, given the influence
function u;(t) developed in (8).

Proof: For a = 1, substituting (8) and (12) into (3) yields
the following closed-loop emotion dynamics of individual i:

@i(t) = — Zje/\/i Kimi; (g — q5) - (14)

Using (14) and similar to [31], the dynamics of all individuals
in the social network can be rewritten in a compact form as

at)=m®)a(), (15)

where q = [ qi, -, gN ]T denotes the stacked vector
of ¢;, and the elements of 7 (t) € RNV*Y are defined as

=D jen; Kimij i=k
Tk (t) = Kim;; jeEN,i#k (16)
0, JE N, i # k.

From (16), m (¢) is matrix with zero row sums. Using the
fact that m;; is non-negative from (13), and K; is a positive
constant gain in (8), the off-diagonal elements of = (t) are
positive or zero, and its row sums are zero. Hence, 7 (¢) is
a Metzler matrix. Given that 7 (¢) is a Metzler matrix and
the social network is always connected with the controller
developed in (8) (see Lemma 2), Corollary 1 can be applied
to (15) to conclude that the elements of q(¢) exponentially
achieve consensus. u
Theorem 2: The equilibrium point ¢* € R of the initially
connected graph of nodes with the fractional-order dynamics
in (3) with « € (0, 1) is asymptotically stable for all 4, given
the influence function u;(t) developed in (8).
Proof Let x; (t) £ ¢; (t) — ¢* € Rand x(t) = q(t) —
q*1 € R™. The fractional-order dynamics in (3) with o €

(0,1) for all individuals can be obtained from (15) as
6 Dfx(t) =m () (x(t) +¢"1) 2 g(t.x), (17

where 7 (¢) is the same as in Theorem 1, since each element
in 7 (t) is a function of g; (t) — g; (¢) from (13) and ¢; () —

g; (t) = x; (t) —x; (t). Since the stability of a fractional-order
system is defined by Definition 1, and Mittag-Leffler stability
implies asymptotic stability as discussed in [24], the following
development is focused on proving that (17) is Mittag-Leffler
stable.

Since v, and (8, are not zero simultaneously, and v,, 5,
and their partial derivatives are bounded from (10) and (11),
7 (t) in (17) is bounded. Assuming that 7 (¢) is bounded by
a constant [ € R, the Lipschitz condition for g(,x) in (17)

1S
lg(t, )]l

<l
x|

(13)
Theorem 1 states that the equilibrium point ¢* is exponentially
stable for the integer-order system of (15). The converse
Lyapunov theorem, Theorem 4.9 in [32], indicates that there
exists a function® V (¢,x) : (0,00] x RYN— R and strictly
positive constants k1, ko, and k3 such that

ky x|l <V (¢t %) < k2 (%],
V< —ks x|

(19)
(20)

Let 5 =1—a € (0,1). Following a similar procedure in
the proof of Theorem 8 in [24] and using (18) and (20), the
Caputo fractional derivative of V' is computed as

§D)V (t,x) = §DI7°V(t,x)= §D;°V

< —ks (§ D7 [xl)
< o (§prelat)
ks C -«
< *THODt 9(t7X)||
k
<~ @1)

Mittag-Leffler stability of system (17) with o € (0,1) can be
obtained as

o2 02Oy ()

by applying Lemma 1 to (19) and (21), where a = b = 1. The
result in (22) implies the equilibrium point ¢*1 € R™ of the
closed-loop fractional-order system in (17) is asymptotically
stable. ]

(22)

VI. DISCUSSION

The previous development is based on the assumption that
q* is a common equilibrium point for all the individuals in
a social network. In some situations, a common equilibrium
point for an emotional state (e.g., group anger) could be
derived from a discrete event (e.g., a police shooting [6],
[7]) or long term events (e.g., years of oppression from a
dictator [8], [9]). In such situations, the controller in (8)
provides instructions for an individual to combine emotional
differences with social peers, while considering the strength
of the respective social bonds, so that as the individual’s

2As discussed in [23], one valid selection for the Lyapunov function is
V(z)=max{ 1, -+, @ }—min{ z1, ---, 2o }
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emotional state converges to ¢*, social bonds (i.e., the need
for peers to share an emotional state) between peers will also
influence them to converge to the same emotional state. If
a person instantly converges to ¢*, the emotional difference
between social peers may decrease to the point where S;; < 4,
resulting in a separation from the social group and an end
of the individual’s influence over the group (i.e., the change
in emotional state is great enough that bonds between social
peers are broken and the social peers ignore the individual’s
state). The controller in (8) accounts for the weighted inter-
actions and influence over peers based on the assumption
that peers will integrate an emotional state in a non-local
fractional-order sense.

Of course, individuals in a social network often do not
have a common equilibrium point. For example, a group of
friends may wish to engage in an activity that differs from
the desire of an individual. In these scenarios, a person must
resolve the conflict between the individual equilibrium point
and the social bond constraint that S;; > ¢. That is, either peer
pressure will deviate the person from the desired social state,
strengthening corresponding social bonds, or social bonds
with the group will decrease/break. This observation indicates
that long term peers with strong social bonds likely share a
common equilibrium point. Follow-on efforts to the current
work are being developed to incorporate the dynamics of the
equilibrium point/social bond arbitration along with influence
strategies to enable social peers to deviate a person from an
equilibrium, or change the equilibrium.

VII. CONCLUSION

In this work, emotion synchronization for a group of
individuals in a social network is studied. By modeling human
emotion as a fractional-order system, a decentralized potential
field-based function is developed to ensure that the emotion
states of all individuals asymptotically converge to a common
equilibrium while maintaining social bonds. Social bonds play
an import role in a person’s emotional state. For instance, a
person tends to put greater trust in a close friend than some
random person, and thus, can be more easily influenced by the
close friend. However, the current development only examines
the social bond as a threshold constraint to ensure continued
interaction between friends, without considering the potential
dynamics of how a person’s emotions can be affected by
different social bonds in the network. Hence, future work is
being considered that explores the relation between a person’s
emotion and the associated different levels of social bonds.
Moreover, further efforts are also targeting influence strategies
to enable social peers to deviate a person from an equilibrium,
or change the equilibrium (i.e., peer pressure strategies applied
to reluctant peers).
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